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Abstract. We introduce a modular (integral) complementary polynomial 
k(G; X, y) {k^{G; x, y)) of two variables of a graph G by counting the number 
of modular (integral) complementary tension-flows (CTF) of G with an orien- 
tation e. We study these polynomials by further introducing a cut-Eulerian 
equivalence relation on orientations and geometric structures such as the com- 
plementary open lattice polyhedron Actf(G,£), the complementary open 0-1 
polytope ActfCG, e), and the complementary open lattice polytopes Actf(G'i s) 
with respect to orientations p. The polynomial K{G;x,y) (K^{G\x,y)) is a 
common generalization of the modular (integral) tension polynomial r(G, x) 
{t.^{G,x)) and the modular (integral) flow polynomial ip{G,y) {ip^{G,y)), and 
can be decomposed into a sum of product Ehrhart polynomials of complemen- 
tary open 0-1 polytopes AJ^f(G, p). There are dual complementary polyno- 
mials R{G;x,y) and K^{G\x,y), dual to k and respectively, in the sense 
that the lattice-point counting to the Ehrhart polynomials is taken inside a 
topological sum of the dilated closed polytopes Actf(G'iP)- It turns out that 
the polynomial K{G;x,y) is Whitney's rank generating polynomial RaiXyy), 
which gives rise to a combinatorial interpretation on the values of the Tutte 
polynomial TQ{x,y) at positive integers. In particular, some special values of 
and (k and R) count the number of certain special kinds (of equivalence 
classes) of orientations. 



1. Introduction 

The Tutte polynomial TG{x,y) of a graph G is a common generalization of 
the chromatic polynomial xl^ji) and the flow polynomial ip{G,t). Unlike the 
definitions of x by counting proper colorings and of if by counting nowhere-zero 
flows, Tg is defined by Whitney's rank generating polynomial Rg{x, y), rather than 
by counting certain combinatorial objects (see _5 , p. 339; [30] . p. 45). It has been 
wondered for a long time if there exists a counting style definition for Tg- In fact, 
the combinatorial meanings of Tg at a few special values, such as TG{i, j) with 1 < 
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i,j < 2, can be easily read from Rg (see Theorem 5 in [5], p. 345). However, finding 
combinatorial interpretations on the values of Tg at integers has been continually 
an active research topic since Tutte |28] . The classical interpretations of Tg were 
made by Tutte (see, for example, (l2l il3j ) as follows: 

T(G,0 = (-ir(^^TG(l-t,0), (1.1) 
^(G,t) = (-l)"(«)rG(0,l-i), (1.2) 

where r(G,t) (= x(G, i)/^^'-'''') is the tension polynomial of G and c(G) is the 
number of connected components. Several other combinatorial interpretations 
were made from various viewpoints: Crapo and Rota's finite field interpretation 
of |Tm(1 — q'',0)\ on a matroid M [15] : Stanley's interpretation of \x{G,—t)\ = 
t<(^)\TGil + t, 0)1 with t > I [26] and its dual version on |v?(G, -1)| by Green and 
Zaslavsky [18] : Greene's interpretation as the weight enumerator of linear codes 
[17j and its generalization by Barg [l] and by Green and Zaslavsky [18] : Jaeger's 
interpretation of linear code and dual code words |19j ; Brylawksi and Oxley's two- 
variable coloring formula [8], etc. 

More recently, Kook, Reiner, and Stanton [23 found a convolution formula on 
the Tutte polynomial of a matroid M: 

TM{x,y) ^ ^ TM/x{x,Q)TM\x{^,y)- (1-3) 

X<ZM 

which was used by Reiner |25j to give interpretations of Tm and typically of Tg 
at nonpositive integers or other co- related numbers. Kochol [20|, I21j introduced 
integral tension polynomial T^{G,t) and integral flow polynomial tp^{G,t), which 
are closely related to r and if, and these polynomials led him to deflne integral and 
modular tension-flow polynomials in |22j (however, his deflnition is problematic and 
one argument is incorrect; see the remark below). Gioan |16j gave combinatorial 
interpretations of Tg at the special integers (i, j) with 1 < i, j < 2, using cycle- 
cocycle reversing systems. And the very recent work of Chang, Ma, and Yeh [9] on 
a new expression of Tg, using G-parking functions. 

In the present paper, we study systematically the complementary tension-flows 
(CTF) of a graph G and introduce dual complementary polynomials. Fix an ori- 
entation e (see Section 2) on G to have a digraph (G, e) throughout. We consider 
functions h G (which are decomposed automatically and uniquely into h = f + g 
of tension-flows {f,g), that is, / is a tension and 5 is a flow of (G, e)) that satisfy 
the complementary condition: 

/(e).g(e) = 0, /(e) + g(e) ^ for aU e G E. 

A tension-flow {f,g) is said to be a [p, q) -tension- flow, where p,q are positive in- 
tegers, if |/(e)| < p and \g{e)\ < q for all e £ E. We denote by K{G,e) the space 
of all complementary tension-flows of (G,e), and by K{G,e;p,q) the space of all 
complementary {p, (j')-tension-flows. 

Let Actf(G, e) denote the relatively open lattice polyhedron of all complemen- 
tary (1, l)-tension-flows of (G, e), and A+,p(G, e) the relatively open 0-1 polytope 
of all nonnegative complementary (1, l)-tension-flows. For each orientation p on 
G, let Actf(G, e) denote the relatively open lattice polytope of complementary 
(1, l)-tension-flows (/, g) of (G, e) such that /(e) -I- g{e) > if p[v, e) = e{v, e) and 
/(e) -I- g{e) < if p{v, e) ^ e{v, e) for each edge e at its one end-vertex v. We 
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shall see that Actf(G, e) is a disjoint union of Af^TrlG^e), where p is extended over 
all orientations on G. Each polytope AflTF(G. e) is lattice isomorphic to the 0-1 
polytope A+j,p(G, p), and can be decomposed into a product 

A+,(G,p) = A+ (G,i?p) X A+(G,Gp), 

where Cp is the maximal strong subdigraph of (G, p), Bp is the subdigraph induced 
by the edge set E — E{Cp), A+,(G, Bp) is the relatively open 0-1 polytope consisting 

of 1-tcnsions / of {G,p) such that /Isp > and f\cp = 0, and A+(G, Gp) is the 
relatively open 0-1 polytope consisting of 1-flows g of (G, p) such that g\Bp = and 
9\c, > 0. 

Let 0{G) denote the set of all orientations on G. The key ingredient of the 
paper is to view the closure Aotf(G, e) as a dual of Actf(G,£), and to view the 
topological sum 

Actf(G, e) := ^2 ^otf(^!^) (union of disjoint copies) 

peO(G) 

as a dual to the nonconvex polyhedron Actf(G,£). We apply the Ehrhart theory 
to the above lattice polyhedron and poly topes. 

For positive integers p,q, let (p, g)AcTF(G, e) denote the dilation of Actf(G, e) 
in two independent parameters, consisting of the tension-flows {pf, qg) with (/, g) G 
Actf(G,£). Theni^(G,£;p,g) = (p,(z)AcTF(G,£). Set 

K^{G,e;p,q) : = (Z^)^ n {p,q)A^,,{G,e), 

K+{G,s;p,q) : = {Z^ n {p,q)A+,,{G,e). 

We introduce the polynomial counting functions 

K^{G;p,q) : = \K^{G,s;p,q)\, (1.4) 

K,{G;p,q): = \K+{G,e;p,q)\. (1.5) 

For nonnegative integers let K{G,e;p,q), K^{G,e;p,q) denote the topological 

sums of the dilations {p,q)Ai^,-^p{G,e), {I?)^ n (p, (?)A^tf(G, £), where p e 0{G), 
respectively; set K^{G,e;p,q) := [I?)^ D (p, g)A;tj,p(G, £). We introduce the dual 
polynomial counting functions 

-K^{G;p,q): = \k^{G,e;p,q)l (1.6) 

Ke{G;p,q): = \Kt{G,s;p,q)\. (1.7) 

Then K^{G;,p,q) {Ke{G;p,q)) counts the number of (nonnegative) integer-valued 
complementary (p, g)-tension- flows of (G, e) ; Ke{G; p, q) counts the number of integer- 
valued tension-flows (/, g) of (G, £) such that < /(e) < p and < g{e) < q for all 
e G E; and 

K^{G;p,q)= ^ Kp{G;p,q). (1.8) 

peO(G) 

We refer (ke) to the integral (local) complementary polynomial of G {with respect 
to e), and (k^) to the dual integral (local) complementary polynomial. 

There is a unimodular isomorphism between Aj^p(G, p) and A^^p(G, a), when- 
ever p,a differ exactly on a disjoint union of a locally directed cut and a di- 
rected Eulerian subgraph, said to be cut-Eulerian equivalent^ denoted p ^ce ct- 
Indeed, the cut-Eulerian equivalence is an equivalence relation on 0{G). Moreover, 
Kp{G;x,y) = Ka{G;x,y) if p ^ce (t. Let [0(G)] denote the set of cut-Eulerian 
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equivalence classes [p], where p G 0{G). We define the polynomial counting func- 
tions 

K{G;p,q):= ^ Kp{G;p,q), (1.9) 
[p]elo(G)] 

K{G;p,q):= ~^piG-p,q). (1.10) 

[p]e[0(G)l 

It turns out remarkably that K,{G]p,q) counts the number of complementary A- 
tensions and i3-flows with abelian groups A, B of orders p, q respectively (also 
adopted as a definition of k), and that K{G;p,q) equals the rank generating poly- 
nomial Rg, counting the number of triples (p, /, g), where p is a representative of a 
cut-Eulerian equivalence class (exactly one from each class) , / is an integer- valued 
tension of (G, p) such that < f < p, and g is an integer- valued flow of (G, p) such 
that < g < q. We refer k (k) to the (dual) modular complementary polynomial of 
G. We summarize our main results as the following theorems. 

Theorem 1.1. (a) The counting function K.^{G]p,q) {Kr^{G;p,q)) is a polynomial 
function of positive ( nonnegative ) integers p, q, having the same degree as the Tutte 
polynomial Tq, and is independent of the chosen orientation e. 

(b) Decomposition Formulas: 

n^{G;x,y)^ ^ Kp{G;x,y), (1.11) 
peo(G) 

R^{G]x,y)^ ^ Rp{G;x,y). (1.12) 
peo(G) 

(c) Reciprocity Laws: 

K,{G;-x,-y)^ J2 (-l)'-(^'+l^''^'')ls,(G;x,2/), (1.13) 

R,(G;-x,-y)= (-l)'-^^^+l^^^'')l^p(G;x,y). (1.14) 

P60(G) 

(d) Specializations: 

K^(G;x, 1) r^(G, a;), K^{G]l,y) ^ ip^{G,y), (1.15) 

At,(G;a;,-l) =f,(G,a;), k,(G; -1, y) = ^,(G, y). (1.16) 

(e) Convolution Formulas: 

K,(G; x,y)=Y ^^{GjX, x) v.{G\X, y), (1.17) 

XCE 

R^{G; x,y)^Y. ^-^G/X, x) (?.(G|X, y). (1.18) 

X<ZE 

Equations (jl.lip . (ll.lSp . and (|1.17p are obtained by Kochol in a different ap- 
proach by using chains and different notations (see |22j . p. 178). 

Theorem 1.2. (a) The counting function K(G]p,q) {R{G;p,q)) is a polynomial 
function of positive ( nonnegative ) integers p, q, having the same degree as the Tutte 
polynomial Tq, and is independent of the chosen set of distinct representatives of 
the cut-Eulerian equivalence classes. 
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(b) Decomposition Formulas: 

K{G;x,y)^ ^ Kp{G;x,y), 

[P]6[0(G)] 

^ Kp{G;x,y). 

[p]e[o(G)] 

(c) Reciprocity Laws: 

[P16[0(G)] 

«(G;-x,-j/)= (-l)'^^''^+"'^''''^'«p(G;x,2/). 
[p]e[0(G)] 

(d) Specializations: 

k(G; 1) = t(G, a;), k(G; 1, y) = ^(G, y); 
k(G;x, -1) = f{G,x), R{G; -l,y) = Cp{G,y). 

(e) Convolution Formulas: 

A^(G;a;,y) = ^ r(G/X, a;) ^(G|X, y), 

S(G;a;,y) = ^ f(G/X, x) ^(G|X, y). 

An equivalent version of (|1.19l) . (jl.23p . and (I1.25P were obtained by Kochol |22j 
in a different approach by using chains and different notations. 

Theorem 1.3. R{G;x,y) ~ Raix.y). 

The counting definition of R gives an immediate combinatorial interpretation 
on the values of the Tutte polynomial Tq at positive integers. 

Corollary 1.4. Lei Rep[C'(G)] he any set of distinct representatives of cut-Eulerian 
equivalence classes ofO{G). ThenTa(j),q), where p,q are positive integers, counts 
the number of triples 

{P, f,9), 

where p £ Rep[C'(G)], f is a nonnegative integer-valued p-tension of {G,p), and g 
is a nonnegative integer-valued q-flow of {G,p). 

Remark. The notion of our tension-flow is different from Kochol's tension-flow 
(see [22], p. 177). Kochol's tension-flow on a graph G is defined as an ordered pair 
{ft 9) J where / is a tension on G — 7?, 17 is a flow on H, and i7 is a subgraph of 
G; this is a wrong definition. He then identifies tensions on G — to tensions on 
G/H; this is incorrect. In fact, tensions on G/H can only be identified to tensions 
on G that vanish on H. However, his results can be still valid if the functions / 
are required to be tensions on G/H directly or tensions on G but vanishing on 
H. When modified in this way, then nowhere-zero tension-fiows in [2 2) will be 
equivalent to our complementary tension-flows. Our definition of tension-flow is 
naturally formulated; names and notations are carefully selected to carry proper 
information for easy recognition and for keeping historic tradition. The exposition 
was reported in the 2007 International Conference on Graphs and Combinatorics 



(1.19) 
(1.20) 

(1.21) 
(1.22) 

(1.23) 
(1.24) 

(1.25) 
(1.26) 
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Searching online recently we found a paper by Breuer and Sanyal [7 to interpret 
the values Tg{p + l,q + l) {=Rg{p, q)) for positive integers p, q as follows: 

Rcip^q) equals the number of triples if,g,p), where f is a "Lp-tension of 
(G, e) and g is a "Lq-flow of (G,e) such that supp^ C ker/, and p is a 
reorientation on the edge subset ker / — suppg. 
One might guess at first glance that this interpretation is similar or even equiva- 
lent to the result on K{G;p,q) {—RG{p,q)) in Corollarv ll.41 but actually they are 
essentially different. The difference lies in the distinction between the counting 
over modular integers and the counting over bounded integers. The relationship 
between the two is interesting but highly nontrivial; it is the story on the structure 
of the modulo map Mp_q. In fact, Breuer and Sanyal's result is a reformulation of 
(j5.3|) (which is derived easily from Rq) because, for each tension-flow {f,g) with 
suppg C ker/, there are exactly 2'^^'^'^ reorientations on the edge subset 
ker / — suppt; as each edge has two choices to be reoriented. 

2. Preliminaries 

We follow the books [H [6l 131] for basic concepts and notations of graphs. 
Let G — {V, E) be a graph with possible loops and multiple edges. Define r(G) :— 
\V\-'c{G), n[G) := \E\—r{G), where c(G) is the number of connected components of 
G. Denote by {X) and G\X the subgraph {V, X) induced by an edge subset X C E. 
An orientation on G is a (multivalued) function e : V x E — { — 1,0,1} such that 
(i) e{v, e) has the ordered double-value ±1 or =f1 if the edge e is a loop at its end- 
vertex V and has a single- value otherwise, (ii) e{v, e) = if u is not an end- vertex of 
the edge e, and (iii) e{u,e)e{v,e) = —I if the edge e has distinct end-vertices u,v. 
Pictorially, an orientation of an edge e can be expressed as an arrow from its one 
end-vertex u to the other end-vertex v; such information is encoded by e{u, e) = 1 
if the arrow points away from u and e{v,e) = —1 if the arrow points towards v. So 
every edge has exactly two orientations; each oriented edge contributes exactly one 
in-degree and one out-degree; and —(±1) = T^, — (t1) = ±1- A graph G with an 
orientation e is referred to a digraph, denoted (G, e). We denote by 0{G) the set 
of all orientations on G. 

A subgraph iJ of G is Eulerian if H has even degree at every vertex. A circuit 
is a minimal, nontrivial (=having at least one edge) , Eulerian subgraph in the sense 
that it does not contain properly any nontrivial Eulerian subgraph. In fact, a circuit 
is just a closed simple path. Every nontrivial Eulerian subgraph is a disjoint union 
of circuits. A directed Eulerian subgraph is an Eulerian subgraph H together with 
an orientation such that at its every vertex the in-degree equals the out-degree; 
such an orientation is called a local direction of H. The orientation of a directed 
circuit is called a direction of that circuit. Any directed Eulerian subgraph is a 
disjoint union of directed circuits. An orientation e on G is acyclic if (G, e) has no 
directed circuits. We denote by Oac(G) the set of all acyclic orientations on G. 

A cut of G is a nonempty edge subset U of the form [S, S"^] , where S" is a 
nonempty proper subset of V, S'^ -.^ V — S, and [S, S'^] is the set of all edges 
between vertices of S and vertices of S*"^. A bond is a minimal cut in the sense that 
it does not contain any cut properly. Every cut is a disjoint union of bonds. A 
directed cut is a cut U = [S, S''] together with an orientation on U such that the 
arrows of edges are all from S to S'^ or all from S'^ to S; such an orientation is called 
a direction of U. A local direction of a cut U is an orientation e-u on U such that 
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{U, £u) is a disjoint union of directed bonds. An orientation e on G is totally cyclic 
if (G, e) contains no directed cuts. Totally cyclic orientations are also referred to 
strong orientations. We denote by Otc(G) the set of all totally cyclic orientations 
on G. 

Given two orientations p, cr G 0{G). We say that p is Eulerian- equivalent to a, 
denoted p o", if the subgraph induced by the edge subset E{p ^ cr) is a directed 
Eulerian subgraph with the orientation p. Indeed, ^eu is an equivalence relation on 
0{G); see |13| . If p e OtcIG) and p ~eu then cr G Otc(G). Analogously, p is said 
to be cut-equivalent to a, denoted p ~cu cr, if the subgraph induced by E{p ^ a) is 
a locally directed cut with the orientation p. Indeed, ~cu is an equivalence relation 
on 0{G); see [H]. If p £ Oac(G) and p -cu cr, then a e C'ac(G). 

Given two subgraphs Hi C G with orientations e^, i = 1, 2. The coupling of ei 
and £2 is a function [ei,£2] : -E { — 1,0,1}, defined for each edge e € E [at its 
one end- vertex v) by 

( 1 if e e £'(iJi 0^2), £i(w,e) = £2(w,e), 
[£i,e2](e) := < -1 ii e £ E{Hi D H2), ei{v, e) e2{v, e), 
[ otherwise. 

Now let (G, e) be a digraph and A an abelian group throughout the whole 
paper. There is a boundary operator : — !■ , defined by 

(5,/)(«) = ^£Ke)/(e), 

eeE 

where £(u, e) is counted twice (as 1 and —1) if e is a loop at its unique end-vertex 
V. The flow group FiG^e'jA) is kerc?^, whose elements are called flows or A- flows 
of (G,£). There is a coboundary operator : — )■ A^, defined by 

{5J){e) ^ f{u) - f{v), 

where e is an edge whose arrow points from one end-vertex u to the other end- 
vertex V. The tension group T{G,e] A) is imJ^, whose elements are called tensions 
or A-tensions of (G,£). 

A function / G is nowhere-zero if /(e) ^ for all e E, and is a q-function 
if A — R and |/(e)| < q for all e £ E. Let T{G,q) {(p{G,q)) denote the number of 
nowhere-zero A-tensions (A-fiows) of (G, e) with |A| — q. Let T^{G,q) {ip^{G,q)) 
denote the number of integer-valued nowhere-zero g-tensions (g-flows) of (G,£). 
Let Te{G,q) {(p£{G,q)) denote the number of integer-valued tensions (flows) / of 
(G,£) such that < /(e) < q for all e e i?. It is well known that r, ip, t^,, ip^, 
T£, and ifs are polynomial functions of positive integers q, and that r, ip, t^, p^ 
are independent of the chosen orientation £, and that t, p are independent of the 
group structure of A. The polynomial r {t^, t^) is referred to the modular (integral, 
local) tension polynomial of G; and p [p^, Ps) is referred to the modular (integral, 
local) flow polynomial of G; see |12L 113] in details. 

There are polynomials dual to r, p, t^, p^, r^, and pe respectively. Let f^{G,q) 
{pe{G,q)) denote the number of integer- valued tensions (fiows) / of (G,£) such 
that < /(e) < q for all e & E. Let f^{G,q) {p^{G,q)) denote the number of 
ordered pairs {p,f), where p G 0ac(G) {p G C'tc(G)) and / is an integer-valued 
tension (flow) of (G,p) such that < /(e) < q for all e G E. Let Rep[C'Ac(G)] 
(Rep[C'Tc(G)]) be any set of distinct representatives of cut- Eulerian equivalence 
classes of C'ac(G) (0tc(G)). Let f{G,q) {(p(G,q)) denote the number of ordered 
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pairs {p,f), where p G Rep[C'Ac(G)] (Rep[C'Tc(G)]) and / is an integer- valued ten- 
sion (flow) of (G, p) such that < /(e) < q for all e E E. It turns out that fe, (^e, 
f^, Cp^, f, and (p are polynomial functions of nonnegative integers q, and are inde- 
pendent of the chosen set of distinct representatives. Moreover, these polynomials 
represent the same polynomials t^, (f^i "t^^ '^■m, Ti a-nd ip respectively, up to sign and 
a change of the variable; see |12|, I13j in details. 

Let A, B be abelian groups. The tension-flow group of the digraph (G, e) is the 
abelian group 

17(G, e; A, B) := T(G, e; A) x F(G, e; B), 

whose elements are called tension-flows. A tension-flow (/, g) is said to be nowhere- 
zero if 

(/(e),g(e)) ^ (0,0) for ah e £ i;, 
and to be complementary if kcr/ = suppg, where 

ker/ {e e I /(e) = 0}, supp5 := {e € E \ .9(e) 7^ 0}. 

Let K{G,e;A,B) denote the set of all complementary tension-flows of (G,e). For 
simplicity, we write F(G,e) for F(G,e;R), r(G,e) for T(G,e;R), and rj(G,e) for 
ri(G,£;K). It is well known that r(G,e) and F{G,e) are orthogonal complements 
in the Euclidean space M^. For positive integer p, q, a real- valued tension- flow (/, g) 
is called a {p,q) -tension- flow if |/(e)| < p and |5(e)| < q for all e G E. 

The present paper is conceptually rely on the Ehrhart theory of lattice poly- 
topes and polyhedra for which we refer to [H [2l IIOI llll 127] . Let X be a bounded 
lattice polyhedron (finite disjoint union of relatively open convex lattice polytopes) 
in the Euclidean c?-space M.'^. Set qX :— {qx \ x e X} for positive integers q. Then 
the counting function 

L(P,<7) :=#(Z'^ngX) (2.1) 

is a polynomial function of positive integers q of degree dimX, called the Ehrhart 
polynomial oi X. If P is a relatively open lattice polytope and P its closure, then 
L[P, t) and L[P, t) satisfy the Reciprocity Law: 

L{P, -t) = (-1)^""^L(P, t). (2.2) 

Moreover, L(P,0) = (-l)'i™^, i(P,0) = 1. 

3. Integral complementary polynomials 

Recall that a real- valued tension-flow (/, 5) G r2(G, e) is complementary if and 
only if /(e)5(e) = and /(e) -f 5(e) ^ for aU e E. We denote by K[G,e) 
the set of all real- valued complementary tension-flows of (G,e). We introduce the 
complementary polyhedron 

AcTF(G,e) ~ {if,g) G K{G,e) : < |/(e) + .g(e)| <l,e€E} (3.1) 

which is a bounded relatively open nonconvex polyhedron, the complementary poly- 
tope 

A+ ,(G, e) := {(/, g) G K{G, e)\0< /(e) + g{e) < 1, e G i?} (3.2) 

which is a relatively open 0-1 convex polytope, and the relatively open convex 
polytope (with respect to an orientation p) 



Ag^,(G,£) :={(/, 5) eAcTF(G,e) : [p,e]{e){f + g){e) > 0,e e E}. (3.3) 
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For positive integers p, q, recall the counting function 

K^{G]p,q) : = ^{Z- valued complementary 

(p, (7)-tension-flows of {G,e)}. (3-4) 
For nonnegative integers p, q, recall the counting function 

R.iG;p,q) : = #{(p,/,.9) | p G 0{G), {f,g) E {Z^ f H f^(G,£) 

such that < /(e) < p, < g{e) < g for e e E]. (3.5) 

Let AcTF(G,e) = X)peo(G) ^ctf(G, e) be a topological sum defined as a disjoint 
union of copies of the closures ActfIG, e), one copy for each p e 0{G). Then 
Kr^{G;p,q) counts the number of lattice points of (p, q)AcTF{G, e). 

We introduce the following two special directed subgraphs of (G,e): 

Be : = union of directed bonds of (G, e), 
Ge : = union of directed circuits of {G,e). 

It is clear that is acyclic, G^ is totally cyclic, and their edge sets are disjoint. 
The following lemma is a special case of Minty's Colored Arc Lemma |24j . 

Lemma 3.1. E = E{Be) U E{Ce) (disjoint union). 

Proof. Since each directed circuit of (G,e) is edge-disjoint from any directed 
bond of (G, e), it is clear that the edge sets of Bg, and are disjoint. To see that 
E{Be) = E — E{Ge), consider the quotient digraph G/G^ obtained from {G,e) by 
contracting the edges of G^. Clearly, G/G^ is acyclic and the edge set of G/Gg can 
be identified a.s E — E(Ce)- It is clear that E{G/Ge) can be written as a union 
of directed bonds (not necessarily disjoint). For ease of discussion, we call the 
inverse operation of contracting an edge as a blow-up at a vertex. It is easy to see 
that blow-up does not change directed bonds. So every directed bond of G/G^ is 
preserved into a directed bond in (G,e) when the edges of G^ are blew up from 
G/Ge. So E- E{Ce) is a union of directed bonds. Hence E{Be) = E- E{Ce). □ 

Recall that the tension polytope and the flow polytope of the digraph (G,£), 
which are relatively open 0-1 polytopes (see [121 113)V are defined as 

A+ (G, e) {/ e T{G, e) | < /(e) < 1, e e E}, 

A+(G,£) {/ £ F{G,e) \ < /(e) < l,e e E}. 

The complementary polytope A+j,p(G,£) can be decomposed into a product of a 
face of A+,(G,£) and a face of A+(G, e). In fact, 

A+,(G,£) = A+ (G,i?,) X A+(G,Ge), (3.6) 

where 

A+ (G, B,) := {/ 6 T(G, e)\0< /(e) < 1, e G B,, f\c, = 0}, 
A+(G,G,) := {g G F{G,e) \ < g{e) < l,e G C„gU = 0}. 

To find the relationship holding among the associated polyhedra and polytopes, we 

need the following involution 

Pp,. :M^^R^, f^[p,a]f 
associated with two orientations p, cr G C(G). 
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Lemma 3.2. (a) AcTF(G,e) = □^^^(q) A^tfIG, e). 

(b) A^;,p(G,£) = Pp,eA+p(G,p). 

(c) (p,g)A+,(G,e) =pA+ (G,i3,) x 9A+(G,Ge). 

(d) pA+ (G,i3,) ~pA+ (G/Ge,e), gA+(G,Ge) ~ gA+(G|G„e); the isomor- 
phisms send lattice points to lattice points. 

Proof, (a) The right-hand side is clearly contained in the left-hand side, since 
each element in the right-hand side is a real- valued complementary (1, l)-tension- 
flow. Conversely, for each real- valued complementary (1, l)-tension-flow {f,g) of 
(G,£), let p be the orientation defined by 



p{v,e) :-- 



siv,e) if /(e)+.g(e) >0, 
-eiv,e) if /(e)+.g(e) <0, 



where v is an end- vertex of the edge e ^ E. It is clear that [p, -t- g){e) > for 
all eeE. Hence {f,g) € AgTF(G,£). 

(b) Let (/, 5) be a complementary (1, l)-tension-flow of (G, e). Then {f,g) £ 
Actf(G, e) if and only if [p, e]{f + g){e) > for e G i?; i.e., if and only if [p, e](/, g) G 
A+,p(G, p), since [p, e](/, g) ([p, e]/, [p, s]g) is a tension- flow of (G, p); and equiv- 
alently, {f,g) G Pp,eA+,F(G, p), since Pp^^iLg) := [p,e](/,ff) and Pp,^ is an involu- 
tion. 

(c) Trivial. 

(d) The bijection between A+,(G,Pe) and A+,(G/Ge , e) is given by / H> ; 
and the bijection between A+(G, G^) and A+(G|Ge,e) is given by / f\c^- □ 

Remark. The polytope A+„(G, cannot be identified to the polytope 
A+,(G|i?e,e) because a tension of the digraph (G|i3e,£) can not be viewed as a 
tension of (G, e) which vanishes on the edge subset of G^ . 

Proposition 3.3. (a) The counting function K.^{G]p,q) {Ki;{G;p,q)) is a polyno- 
mial function of positive (nonnegative) integers p,q of degree r{G/Ce) +n(G|Ge). 

(b) Product Decomposition: 

K,{G- X, y) = T,{G/C„x) ^,{G\C„y), (3.7) 

R,{G;x,y)^f,{G/C,,x)^,{G\C,,y). (3.8) 

Moreover, T^(G/Ge,x), (/3e(G|Ge, y), f^iGjC^^x), and (p^{G\Ce,y) are the Ehrhart 
polynomials of the lattice polytopes A+j(G/G£,e), A+(G|Ge,£), A+^(G/G£,e), and 
A+(G|G£,£) respectively. 

(c) Reciprocity Law: 

^,{G--x,-y) = (-l)''(«)+l^(^^)ISe(G;x,2/). (3.9) 

(d) Specializations: 

K,{G-x,l)=T,{G-x), K,{G-l,y)^^,(G,y)- (3.10) 

S,(G;x,-l) = (-l)l^('^^)lfaG,x), (3.11) 
AcaG;-l,2/)-(-l)l^(^^)l^aG,2/). (3.12) 
Proof, (a) It is an immediate consequence of (b). 

(b) It follows from the product decomposition p.6p and the identifications of 
the lattice polytopes in Lemma [3. 2( d). 
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(c) It follows from the Reciprocity Law (|2.2|) of Ehrhart polynomials and the 
relation 

r{G/Ce)+n{G\C,) = \E{C,)\ + 2 c{G\C,) - r{G) - 2c{G). 

(d) Let p,q be positive integers. Let (/,<?) be a positive integer-valued (p, 1)- 
tension-flow of (G,£). Since < g{e) < 1 is impossible for any e G E, we must 
have E{Ge) — and E{B^) — E; i.e., the orientation e must be acyclic. So 
(/, .g) is reduced to a positive integer- valued p-tension / of {G,e). We thus have 
Ke{G;p, 1) = T^{G,p). Note that is not the zero polynomial if and only if G is 
loopless and contains some edges. 

Analogously, let {f,g) be a positive integer-valued (1, (7)-tension-flow of {G,e). 
Since < /(e) < 1 is impossible for any e € E, we must have E{B^) = ^ and 
E{Ge) = E; i.e., the orientation s must be totally cychc. So (/, g) is reduced to 
a positive integer-valued g-flow g of (G,e). We thus have Ke(G;l,q) = ip^[G,q). 
Note that Lpg is not the zero polynomial if and only if G is bridgeless and contains 
some edges. We finish the proof of p.lOp . 

Now applying the Reciprocity Law p. 91) and the formula (I3.10p . we have 

«,(G;x,-l) = (-ir(«)+l^(c.')lKe(G;-x,l) 
= (-ir(«)+l^(c.»)lraG,-a;) 
= (-l)l^(^=)lf,(G,^); 

R,{G; -1, y) = (-l)'^(«)+l^(^^)l.c,(G; 1, -y) 

= (-ir(^)+l^(^^^l^e(G,-y) 

= (-l)l^(^^)l^,(G,y). 

The last two equality in both follow from the Reciprocity Laws 

r,(G, -x) = (-l)'-(«)f,(G, a;), ^,(G, -y) - (-l)"^^)^^^, y) (3.13) 

respectively; see (1.9) of Theorem 1.2 in [12] and (1.7) of Theorem 1.1 in [13) . We 
finish the proof of (|3ll|) and (|XT2l) . □ 

Proof of Theorem 11.11 



(a) Being a polynomial follows from (b) and (c) of the same theorem, and 
from (a) and (b) of Proposition 13.31 The independence of the chosen orientation 
£ follows from the bijection Pp^^ : (p, q)AcTF(G, e) — >■ (p, g)AcTF(G, p) which sends 
lattice points to lattice points. 

(b) The decomposition ()l.lip follows from the disjoint composition of the com- 
plementary polyhedron Actf(G, e) (see Lemma I3.2f a)) and the property that the 
involution Pp^^ sends lattice points to lattice points bijectively (see Lemma [3^ b)). 
The decomposition (jl.l2p is trivial by definition of R^. 

(c) It follows from the Reciprocity Law (|3.9I) . 

(d) Let p, q be integers larger than or equal to 2. Consider an integer- valued 
complementary {p, l)-tension-flow {f,g) of (G, e). Since \g\ < 1 implies 5 = 0, then 
/ is a nowhere-zero p-tension of (G,£), and (/, 0) is identified to the nowhere-zero 
p-tension / of {G,e). Thus ^^.(G;^, 1) = T^{G,p). Likewise, an integer-valued 
complementary (1, g)-tension-flow {f,g) of {G,e) implies that / = and g is a 
nowhere-zero g-flow of (G,£). Hence K^{G;l,q) = (p^{G,q). We finished proof of 
(|ll5| . 
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Now consider the case oi y — 1 and the case of a; = 1 in Applying 
Proposition 13 . Bf d) . (jl.lip becomes 

T.(G,x)= ^p(G,^), (3.14) 

peOAc(G) 

^^{G,y)^ Vp{G,y). (3.15) 

peO-rciG) 

We have recovered (1.7) of Theorem 1.2 in [12] (p.428) and (1.8) of Theorem 1.1(b) 
in |13| : see also |20L 121] for equivalent versions. The dual polynomials and (p^ 
have similar decompositions by their definitions: 

UG,x)^ Y rp{G,x), (3.16) 

PGOac(G) 

^.{G,y)^ Y Vp{G,y). (3.17) 

peOTc(G) 

Analogously, consider the case of y = —1 and the case of x = — 1 in (jl.l2p . We 
have 

«.(G;x,-l)= Y (-ir''''+"'^''^^'«p(G;-x,l) 

pGO(G) 

= Y i-^r^''^r,{G,-x) 

peOAr(G) 

= Y ^p(^'2;) = f^(G,x), 
peOAc(G) 

where the first equality follows from (|1.14p , the second from (|3.10p and that Tp ^ 
if and only if p € C'ac(G), and the third from (|5TB . Using r(G) + n(G) = |£;| and 
\E\ = \E{Bp)\ + \E{Cp)\, a similar argument implies 

R^{G;-l,y)^ Y (-1)"(^)+I^(^'''Ia^p(G; 1, -y) 
peo(G) 

= E (-l)"^''Vp(G,~2/) 

P60to(G) 

= E ^p(G,2/) = ^.(G,y), 
peOTc(G) 

where the first equality follows from (jl.l4p . the second equality follows from p.lOp 
and that (pp ^ ii and only if p e C'tc(G), and the last equality follows from (|3.17l) . 
We finish the proof of (|1.16p . 

(e) Finally, let X C be an edge subset. For each orientation p G 0{G) such 
that E{Cp) = X (such an orientation my not exist), let p|x denote the restriction 
of p on G\X, and let p/x denote the induced orientation on G/X. Note that p^x 
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is totally cyclic on G|X and pjx is acyclic on GjX. Then 

K^(G;a;,y) = ^ ^ Tp{G ICp,x)^p{G\Cp,y) 

XCE peO(G) 

~ Cp = X 

= E E rp^AG/X,x)^p^,{G\X,y) 

XCE peo{G) 

~ Cp = X 

= E E rpiG/X,x)^„iG\X,y), 



XCE p€Oac{G/X) 

<TeOTc{G\x) 



where the first equality follows from the equations (|l.lip and (I3.7P . Apply p.l4p to 
the graph G/X and (I3.15P to the graph G\X in the above last equality; we obtain 
(|1.17p immediately. Analogously, the equations (|1.12p and (|3.8p imply that 

K^{G;x,y) ^ E ^pi'^/'^p^^)V'p{G\Cp,y) 

XCE peO(G) 

~ Cp = X 

= E E fp^x{G/X,x)^p,JG\X,y) 

XCE peO(G) 

~ Cp = X 

= E E rpiG/X,x)^AG\X,y), 



XCE peOu'iG/x) 

creO-vc(G\X) 



Apply (IXTCl) to G/X and (IXT71) to G|X. We obtain (fTia . □ 

The polynomials and have the following particular combinatorial inter- 
pretations at some special integers. 

Corollary 3.4. (a) k^(G;0,0) = \0{G)\, 

|k,(G; 1,0)1 =S,(G; -1,0) = |Otc(G)|, 
|k,(G; 0, 1)1 =S,(G; 0,-1) = |Oac(G)|, 
K^(G;1,1) = K^(G;-1,-1) = 0. 

(b) Let Ocu(G), 0-E\]{G), and C'ce(G) be the sets of orientations p such that 
(G, p) is a locally directed cut, a directed Eulerian graph, and a disjoint union of a 
locally directed cut and a directed Eulerian subgraph, respectively. Then 

K,(G;2,1) = |S,(G;-2,-l)| = |Ocu(G)|, 
K,(G;1,2) = |S,(G; -1,-2)1 = |Oeu(G)|, 
K.(G;2,2) = |Oce(G)|. 



(c) For each orientation p, let [pjcv, [p]eu, and [p]cE denote the equivalence 
classes of 0{G) under the cut, Eulerian, and cut-Eulerian equivalence relations 
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respectively. Then 

K.(G;1,0)= 

peo(G) 

K.(G;0,1)= 

peO(G) 

Ac,(G;l,l)= ^ #[p]cE. 

peO(G) 

Proof, (a) Since Kp(G;0, 0) = 1 for p e C(G), then by (fTT^ we have 
SJG;0,0) = |0(G)|. 

Since rp(G,0) = for p e OacCG), then by (IXTl) we have t^(G,0) = 

(-1)'-('5)|Oac(G)|. Since <Pp(G,0) = (-1)"(G) ^j. ^ g Otc(G), then by (IXTKll we 
have i^^(G,0) = (-1)"(<^)|Otc(G)|. According to Theorem [Hid), we see that 
K^(G;1,0) = (-1)"(^)|Otc(G)| and k^(G;0,1) = (-1)'-(^)|C'ao(G)|. Notice the 
Reciprocity Laws on r^, , and on if^,(p^. Again according to Theorem ll.lf d) , we 
see that k^(G;-1,0) = |Otc(G)| and k^(G;0,-1) = |Oac(G)|. 

Since Kp(G- 1, 1) = for p e 0{G), then Kp(G; -1, -1) = for p e 0(0) by 
(1311). Hence by p:TT|) and (lO^ . we have k^(G; 1, 1) = k^(G; -1, -1) = 0. 

(b) If / is an integer-valued tension of a digraph (G, p) such that < /(e) < 2 
for all e e -E, then / = 1. This means that {G,p) is a disjoint union of directed 
bonds, namely, a locally directed cut. Thus t^{G,2) = |Ocu(G)| by and 
subsequently, f^(G, -2) = (-l)''('^)|Ocu(G)|. According to Theorem [TUd) , we 
have K,(G;2,1) = 1001,(0)1 and S,(G;-2,-l) = (-l)''('=^)|Ocu(G)|. 

If g is an integer-valued flow of a digraph (G, p) such that < g{e) < 2 
for e G E, then g = 1. This means that {G,p) is a disjoint union of directed 
circuits, namely, a directed Eulerian graph. Thus (p^{G,2) — |Oeu(G)| by (jl.lll) . 
and subsequently, (^^(G, -2) = (-1)"(<3) |Oeu(G)|. According to Theorem [TUd) , 
we have k^{G; 1, 2) = |Oeu(G)| and S,(G; -1, -2) = (-1)"(G)|0^^^(g)|. 

Let (/, 5) be an integer- valued complementary tension-flow of (G, p) such that 
< /(e) < 2, < 5(e) < 2 for e £ Then /(e) -I- g{e) = 1 for aU e e E. 
This means that (G, p) is a disjoint union of a locally directed cut and a directed 
Eulerian subgraph. Hence k^(G;2,2) = |Oce(G)| by (fTTTI) . 

(c) Note that Kp(G; 1, 0) = fp(G, 1) and Kp(G; 0, 1) = (pp(G, 1). We then have 
Kp(G; 1,0) = #[/9]cu by Proposition 6.8 in [^, Kp(G; 0,1) = #[pU by Propo- 
sition 5.5 in |13] . and Kp(G; 1, 1) = #[/5]ce by Proposition 4.6. Now the desired 
formulas follow immediately from Equation (|1.12p . 

□ 



4. Modular complementary polynomials 

Let A, B be abelian groups of orders \ A\ = p, \B\ = q. We define the counting 
function 

K{G;p,q):^\K{G,e;A,B)\, (4.1) 

which turns out to be a polynomial function of positive integers p, q, called the 
modular complementary polynomial of G. To find the relationship between k and 
Kiz, we need an equivalence relation on 0(G). Two orientations p,a on G are said 
to be cut-Eulerian equivalent., denoted p ~ce cr, if the subgraph induced by the edge 
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subset 

E{p =/= a) := {e £ E \ p{v, e) ^ a(v, e), v is an end-vertex of e} 

is a disjoint union of a locally directed cut and a directed Eulerian subgraph of 
both digraphs (G, p) and (G,cr). 

Let [©(G)] denote the set of cut-Eulerian equivalence classes of 0(G), and let 
Rep[C'(G)] be a set of distinct representatives of cut-Eulerian equivalence classes of 
0{G). For nonnegative integers p,q, recall the counting function 

K{G;p,q) : = i^{{p,f,g) \ p G Rep[C'(G)], (/, .g) is an integer-valued ten- 
sion-flow of (G, p) s.t. < /(e) <p,0< 5(e) < q, e £ E}. (4.2) 

It is clear that k is a polynomial function of nonnegative integers p, q, and is in- 
dependent of the chosen set Rep[C'(G)] of distinct representatives, called the dual 
modular complementary polynomial of G. We introduce the following topological 
sum 

[AcTp(G,£)] := ^ctf(G,£), 

[p]e[o(G)] 

defined as a disjoint union of copies of Actf{G, p), one copy for each equiva- 
lence class [p] £ [0{G)]. Then K{G;p,q) counts the number of lattice points of 
(p,g)[AcTp(G,e)]. 

Let p,q be positive integers. Set Rp := M/pZ and M.q := R/qZ. There is an 
obvious homomorphism Modp,, : (R x R)^ (Rp x Rq)^ , defined for (/, g) £ 
(R X M)^ by 

Modp^qif, g)(e) = (/(e) mod p, 5(e) mod <?), e £ E. (4.3) 

For two orientations p,<J £ 0{G) and an edge subset S C E, there is an involution 
Qp,<x,s:[0,P]^-^[0,p]^ defined by 

(DP fMA — I P~ ^^^^ if e e 5, p(w,e) ^ f7(u,e), 
Wp,<.,s/Aej • I otherwise, 

where / £ [0,p]^, e £ E, and v is an end-vertex of e. To find the relationship holding 
among the polytopespATN(G,p)xgAFL(G,p) with p £ 0{G), we need the involution 
QPll : ([0,p] x [0,g])^ ^ ([0,p] x [0,q])^, defined for if,g) £ ([0,p] x [0,g])^ by 

We establish the following lemmas. 

Lemma 4.1. Two orientations p,a £ 0{G) are cut-Eulerian equivalent if and only 
if 

(a) E{Bp) = E{B^), E{Cp) = E{C,); 

(b) E{Bp) n E[p ^ a) is a locally directed cut of (G, p); 

(c) E{Cp) n E{p 7^ cr) is a directed Eulerian subgraph of (G, p). 

Proof. The sufficiency is trivial because E = E{Bp)UE{Cp) (see Lemma lHTTI) . 
For necessity, let us write E{p ^ a) = BUC, where i? is a locally directed cut and 
G a directed Eulerian subgraph of {G,p). Clearly, G C E{Cp). Since each directed 
circuit of Gp is disjoint from any directed bond contained in the locally directed 
cut {B,p) of (G,p), then B n E{Cp) = 0, and subsequently, B C E{Bp). Thus we 
must have B = E{Bp) n E{p ^ a) and G = E{Cp) n E{p ^ a). Now it follows that 
(b) and (c) are automatically true. 
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To prove (a), let p' be an orientation on G obtained from p by reversing the 
orientations on the edges of C . Then B — E{p' ^ a) and E — B = E{p' ~ a). Since 
reversing the orientations on any strongly connected subdigraph does not change 
the strong connectedness, we have E{Cpi) = E{Cp). Note that Cpi and Co- are edge- 
disjoint from B. This means that Cp' and are contained in E{p' — a). Hence 
Cp, = Ca- Therefore E{Cp) = E{C„), and subsequently, E{Bp) ^ E{B„). □ 

Lemma 4.2. (a) The relation is an equivalence relation on 0{G). 

(b) Let p^a £ 0{G) and p '^ce If Bp is a locally directed cut, so is B„. If 
Cp is a directed Eulerian graph, so is C^. 

(c) Let p,(7 E 0{G) and p ^ce f. Then the following restriction 

QPp]l : pA™(G,B,) X gApL(G,a) ~^ pA™(G,Bp) x qA,^{G,Cp) 

is a hijection, sending lattice points to lattice points bijectively. 

(d) Kp{G; X, y) = k^(G; x, y) if p -ce 

Proof, (a) Let G 0{G) {i = 1,2,3) be orientations such that ei '-^ce £2 
and £2 '^cE £3- Set B := E(Bfr^) and G := -E(Ge.) by Lemma |4?T] Then ei ~c £2, 
£2 "^c £3 on B, and £1 £2, £2 ^e £3 on G. Thus £1 £3 on B by Lemma 6.5(a) 
of |12j . and £1 ~c £3 on G by Lemma 5.1(a) of [13]). Hence £1 ^ce £3- 

(b) If follows from the fact that the subdigraph Bp\E{p = cr) is a directed cut 
and that Gp\E{p = cr) is a directed Eulerian subgraph of both (G, p) and (G, a). 

(c) Let E{p ^ a) = B' UC' , where B' is a locally directed cut and G' a directed 
Eulerian subgraph with the orientations both p and a. Let / S pAtn(G, cr) and 
g £ gApL(G, cr). We need to show that Q^p^B^f ^ P'^tn(G, p) and Q'^.c^S ^ 
(7Afl(G, p). In fact, given an arbitrary directed circuit (G, £c) and directed bond 
(B,£b) of (G,cr). We have 

^[a,£c](e)/(e) = 0, Y.^a,e^]{e)g{e) = 0. 

Then / := Eegcl/^' '^c](e)(Qp,CT,s„/)(e) can be written as 

I = E [P,£c](e)/(e)+ E [P,£c](e)(p-/(e)) 

eecn(C"u£;(p=CT)) eecnB' 

= J2ia,ec]ie)fie)-p ^ [^,£c](e)=0. 

eGC eecnB' 

The second sum being zero follows from the fact that {B' , a) is a locally directed cut 
of (G,cr). Hence ^ j3^/ e pAtn(G,p). Analogously, J := EeeBl'^'' ^B](e)(Q^_^ c_^g)(e) 
can be written as 

J ^ E [P>eB](e)g(e) + ^ [P^^B]{e){q - g{e)) 

eeBn{B'uE{p=cT)) eeBnc 

= ^[<^,£BKe)g{e) - q ^ [CT,£B](e)=0. 

eeB eesnc 

The second sum being zero follows from the fact that (G', cr) is a directed Eulerian 
subgraph of (G, cr). Therefore Qp^c,,/ G 9'^fl(G,p). It is clear that Q^;^ = 
'5p o- B„ ^ Qpa c„ sends lattice points bijectively. 

(d) It is a consequence of (c). □ 
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For a real-valued function / : _B — ?> M and an orientation p on G, we associate 
an orientation pf on G, defined for each {v,e) ^ V x E by 

' ' ■ 1 -p(f,e) if /(e) < 0. ^ > 

Conversely, for orientations p,(J € 0{G), we associate a symmetric difference func- 
tion Ip^cr ■ E ^ {0, 1}, defined for each edge e G E {a.t its one end-vertex v) by 

Wie):=\l ^^Pi-'-)^-M' (4.5) 
[0 n p[v,e) = a[v,e). 

Lemma 4.3. Lef {f,, g,) e pA^^{G, B,) x gApL(G,Ce), z = 1,2. // 

(/i,3i) = (/2,ff2) mod (p,g), 

then s f-^-f-g-^ andsf^-f-g^ are cut- Eulerian equivalent. 

Proof. Note that f,{e) = for e e £;(Ce), 5i(e) = for e G E{B,). Then 
e/i = ^fi+gi O'^ E{B^), and e^^ = £ fi+g^ on E{C^). Since /i = /2 modp, then 
e/j and e/2 are cut-equivalent by Lemma 6.6 of T2]. Analogously, since gi = 
g2 mod q, then e^^ and Eg^ are Eulerian-equivalent by Lemma 5.3 of |13j . Since 
£■(£/! 7^ E/J C E{Bs) and £'(egi 7^ EgJ C E{Ce), it follows that the edge set 
D := E{£f^+g^ 7^ £/2+s2) can be written as 

D = (L>nBe) U (LTlCe) 

= (i?(£/, ^ e/J n i?(i?e)) u (£;(eg, ^ Eg,) n i?(a)) 

= E{ef,^£S^)UE{eg,^eg^), 

which is a disjoint union of a locally directed cut and a directed Eulerian subgraph 
with the orientations efi+g^- Hence e/i+gi and e/a+ga ^-''^ cut-Eulerian equivalent. 

□ 

Lemma 4.4. The restriction Modp,, : K^{G,e;p,q) K{G,e;I^p,Zq) is well- 
defined and surjective. 

Proof. It is clear that Modp,, is well-defined. Let {f,g) G K{G, e;Zp,Zq), 
i.e., / G T{G,e;'Zp), g G E{G,e;Zq), and suppg = kcr/. Then by Lemma 6.1 of 
[12j . there exists an integer- valued p-tension / of (G, e) such that Modp/ = /, and 
by Lemma 5.3 of jl3j . there exists an integer- valued g-flow g of {G,e) such that 
Modp(? = g. Moreover, /(e) = if and only if /(e) = 0; g{e) = if and only if 
g{e) = 0. Thus ker/ = ker/, suppg = supp^. Therefore supp(7 = ker/. This 
means that (/,g) G K^{G,e;p,q) and Modp.q{f,g) = {f,g)- We have proved the 
surjectivity of the map Modp,,^. □ 

Lemma 4.5. Let p,a,Lu G 0{G) be cut-Eulerian equivalent orientations, and let 
if,g) G ip,q)A^,^,{G,e). Then 

(a) £f+g = P- 

(b) P,,,QP;9Pp,e((p,<z)AgTp(G,£)) = (p,g)A-^p(G,e). 

(c) P.^Ml'^ipPpAf.g) = Pe,uQl]%PpAf.9) «/ and only ifa^LO. 

(d) if(G, e; p, q) n Modp] (Modp,, (/, 5)) = {P,,„Qp>« Pp,,(/, g) | a ^ce p}- 
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Proof, (a) Note that [p, e](e)(/ + g)[e) > for all e E E. Then for each edge 
e € E and its one end- vertex (/ + .g)(e) > if and only if p{v, e) — e{v, e). Since 
e/+g(i;, e) = e{v, e) if and only if (/ + g)(e) > 0, we see that £f+g = p- 

(b) Since Pp^^, P^.a, and Q^-^ are involutions, it follows that the composition 
Ps,pQ^'a s^o-,e is an involution. Note that 

Pp^,{{p,q)AP^,iG,e)) = (p,g)A+,(G,p), 

QP;«,((p,g)A+,(G,p)) = (p, g)A+ ,(G, a), 

and Pcr,e — Pe.a- The desired identity follows. 

(c) The equation Pe^aQl'^p^s^pAf^ 9) = Pe,ujQl]%PpAf^9) is equivalent to 

Pe,<^Ql,p,BPp,ef = Pe,u.Qlp^BPp,J, (4-6) 
Pe..^Q%.cPp-e9 = Pe.u.Qlp.cPp,e9- (4.7) 

It follows that (|4.6p is equivalent to p cr on Bp by Lemma 6.7(c) of [12 , and that 
(|4.7p is equivalent to p = cr on Gp by Lemma 5.4(c) of 13 . Hence (|4.6p and (|4.7p 
are equivalent to p = cr on i?. 

(d) By Lemma 6.7(d) of [H], T{G,Be\p) n Modp^(Modp/) consists of the 
tensions Pe,aQ^ p b Pp,sf^ where a ~c P on Bp. Similarly, by Lemma 5.4(d) of 
[I3j . F{G,Ce]q) n Mod^^(Mod,g) consists of the flows Pe,aQa.p.c^Pp,eg, where 
a P on Gp. Clearly, Pe,aQa,p,BpPp:sf ^''ro on Gp; Pe,aQl^p^CpPp <^9 is zero on 
Bp. It follows that K{G, e;p, g) nMod~J(Modp^g(/, g)) consists of the tension-flows 
Ps,aQ^^pPp,sif, 9), where a ~ce p on B. □ 

Proposition 4.6. For each orientation p, let [p]cu, [p]-ev, o,nd [p]cE denote its equiv- 
alence classes under the cut equivalence, Eulerian equivalence, and cut-Eulerian 
equivalence relations on 0{G) respectively. Then 

#[P]CE = #[P]CU ■ #[p]eU (4.8) 

and equals the number of O-l complementary tension-flows of {G,p), i.e., 

#[p]cE - Rp{G; 1, 1) = |(Z2)^ n A+ ,(G, p)|. (4.9) 

Proof. The map [p]cu x [p]eu [p]ce given by (ct,w) ^ {cr\Bp) U (wjGp) is 
clearly a bijection, where cr\Bp is the restriction of the orientation a to E(Bp), and 
wjGp the restriction of lj to E{Gp). The equality (|4.8p follows immediately. 

Let a be an orientation that is cut-Eulerian equivalent to p. Let /g- denote 
the symmetric difference function I^-^p defined by (|4.5p . Then 1^1 b is a tension 
on {G/Gp,p) by Proposition 6.8 in |12j . and can be extended to a tension on 
{G,p) such that /^|cp = 0. Likewise, Ia\Cp is a flow on {G\Gp,p) by Lemma 5.5 in 
[13j . and can be extended to a flow I'J on (G, p) such that I'^\bp — 0. Hence is 
decomposed into a 0-1 tension-flow of {G,p). We then have a well-defined 

map 

[p]cE := {a e 0(G) I a ~ce p} n A+ ,(G, p), a ^ (/;,/;'). 

The map is clearly injective. 

For surjectivity of the map, let (/, 5) G A+-p(G,p) be a 0-1 tension-flow. Set 
a := —pf+g, where Pf+g is the orientation associated with f -\- g and p by (|4.4p . 
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Then la.p = / + .9- Since 

E{a^p) = {eeE\{f + g){e) = l} 

= {ee E{Bp) I /(e) = 1} U {e e E{Cp) \ g{e) = 1} 

is a disjoint union of a locally directed cut and a directed Eulerian subgraph with 
the orientation p, we see that a P- Thus the map is surjective. □ 

Lemma 4.7. For each orientation p on G, let [p] := {a G 0{G) \ a '^ce p\ o-i^-d 
A[i(G,e) := U^^f^, A^,,(G,£). Then 

Kp{G;p,q) = #Modp,,((Z2)^n(p,g)A^,,(G,e)) (4.10) 

- #Modp,,((Z2)^ n (p,g)A[4(G,e)); (4.11) 

K{G,e-1M= □ Modp,,((Z2)^n(p,(7)Ag^,(G,£))^) (4.12) 

[p]e[0(G)] 

= □ Mod,,,((Z2)^n(p,<z)A[i(G,£))^). (4.13) 

[p]e[0(G)] 

Proof. Notice that for each tension-flow (/, g) G (p, (7)Actf(G, e), we have 

m = MP.^M^'.ypAf.g) I <r ^cE p} 

= |A'(G,£;p,g)nMod;,;Modp.,(/,5)|; (4.14) 

the first equality follows from Lemma 14.5^ 0) and the second from Lemma I4.5r d) . 
Then 

(p,g)A[i(G,e)= □ P,^,QP;«^Pp,,((p, (z)A(?,,(G, s)) 

ae[p\ 

(/.3)e(p,5!)AP„(G,e) 

□ if(G,e;p,(z)nModp]Modp,,(/,g) 

(/,s)e(p,g)APTr(G,e) 

= i^(G, q) n Mod-;Modp,,(p, 9)A^;^,(G, e); (4.15) 

the first equality follows from Lemma I4.5f b). the second is straightforward, the 
third follows from Lemma l4.5r d). and the last is trivial. Since the orientation p on 
the left-hand side of (|4.15p can be replaced by any orientation cr e [p] , we thus have 

(p,g)A[4(G,£) = i^(G,e;p,<z) nModp>lodp,g(p,g)A[i(G,£). (4.16) 

Now on the one hand, by (|4.14l) . (I4.15p . and (I4.16P we have 

n (p,g)A[4(G,e)| = |Modp,,((z2)^ n (p, g)A(?,,(G, £))| • (4.17) 

= |Modp,,((Z2)^ n (p,g)A[i(G,£))| • (4.18) 

On the other hand, recall that Kp{G;p,q) — Ha{G\p,q) \ia ~ce P (see Lemma l4.2f d)): 
by definition of Actp(G,£) we trivially have 

|(Z2)^n(p,g)A[i(G,£)| =AJp(G;p,g)-#[p]. (4.19) 
Equate (|IT7)) . and gUl); we obtain and (|ilT|) . 
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Notice the disjoint decomposition in Lemma[32Ia) ■ Using the notation Actf(G, e) 
and applying (j4.15p . we have 

(p,<z)AcTp(G,£)= □ □ (p,(z)A^,p(G,£) 

lp]elo{G)]ae[p] 

= y K{G,e;p,q)nMod-^gModp,gip,q)AP^^{G,s) 

[p]e[0(G)] 

- □ K{G,e;p,q)nMod;^lModp^,ip,q)A[el,{G,e). 

[p]e[0(G)] 

Note that K{G, e; p, q) — {p, q) Actf(G, e). Apply the map Modp ,j to both sides and 
restrict to the integral lattice (Z^)^; we obtain (|4.12l) and (|4.13p by Lemma l44l □ 

Proof of Theorem 11.21 

(a) Being a polynomial follows from the decomposition formulas (jl.l9p and 
(|1.20p . The independence of the chosen Rep[C'(G)] follows from the fact that 

Kp(G; x, y) = Kcr(G;x,y) if p ~CE cr- 

(b) Let p, q be positive integers. Taking the cardinality on both sides of (|4.13l) . 
we have 

n{G;p,q)^ \Mod.p,,{{zYri{p,q)Al^UG,e))\. 

[P]6[0(G)] 

Taking account of (14. lip , we obtain (ll.lQp . Equation (|1.20p is followed by the 
definition of R. 

(c) The Reciprocity Laws are trivial by the Reciprocity Law (|3.9I) . 

(d) Let A,B be finite abelian groups. If |^| = p, \B\ — 1, i.e., B = {0}, then a 
tension-flow (/, g) £ ri(G, e; A, B) is complementary if and only if 5 = and / is a 
nowhere-zero tension of (G,e). Thus k(G;x, 1) = t{G,x). If \A\ = 1, \B\ = q, i.e., 
A — {0}, then a tension-flow (/, g) G f2(G, e; A, B) is complementary if and only if 
/ = and g is a nowhere-zero flow of (G,£). Thus k,{G] l,y) — Lp{G,y). We have 
proved ([T^ . 

Since Kp{G;x,l) — Tp{G,x) and Kp(G;l,y) — (pp{G,y), the decomposition 
formulas (|1.19p and (|1.20p become the following 

r(G,x)= J2 ^piG,x), (4.20) 
[p\e[o,c{G)] 

v{G,y)= fpiG^y)- (4-21) 

[p]e[0-rc(G}] 

The dual polynomials f and (p have the similar decomposition formulas (by defini- 
tions): 

f(G,x)= Y ^piG,x), (4.22) 
[p]e[OAc(G)] 

^(G,y)= ^piG,y)- (4-23) 

[p]6[Otc(G)] 
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Consider the case of y = —1 and the case of x — — 1; wc obtain ()1.24|) as follows: 

lp]e[o,c{G)] 

- J2 (-l)'^''^^p(G,-a;) (since =0) 
[p]e[o,c(G)] 

R{G; -1, y)= ^ (-1)"(«)+I^(^^)I^,(G; 1, -y) 
[p]e[GTr(G)] 

= E (-l)"^''Vp(G, -2/) (since = 0) 

[p]e[OTr(G)] 

X! Vp{G,y) ^ 'P{G,y), 

[p]e[o,c{G)] 

where the first equality of both follows from (11.221) . the second equality of both 
follows from 1^^, the third equality of both follows from ((5^ (with E{Cp) = 
and E{Bp) — respectively), the last equality in the former follows from (|4.22l) . 
and the last equality of the latter follows from (|4.23p . 

(e) For a subset X CI E and an orientation p G 0{G), we identify the edge 
set E{G/X) 'AS E — X, write the restriction of p to X as p^x, and the induced 
orientation by p on G/X as p/x- If ^ = E{Cp), then p/x is acyclic and p\x is 
totally cyclic. Thus 

^{G; X, y) = E Y (G/X, x) y.^,,, {G\X, y) 

XCE p€[0{G)] 
E(Cp) = X 



= E E rp{G/X,x)^,{G\X,y) 

XCE pe[OAc(G/x)] 
^s[e>Tc(G[x)] 

= E r{G/X,x)^{G\X,y). 



XCE 



The last equality follows from the decomposition (|4.20p to the graph G/X and the 
decomposition (|4.21l) to G\X. Analogously, 

S(G; x,y)=J2 E (G/X, x) ^p,,, (G|X, y) 

XCB p£[e>(G)l 

E{Cp) = X 

= E E T=p(G/X,x)^,(G|X,y) 

XCS pe[OAc(G/x)] 
^e[e>Tc(G|x)] 

= E ^(G/X,x)^(G|X,y). 

XCE 

The last equality follows from the decomposition (|4.22p to the graph G/X and the 
decomposition (|4.23p to the graph G\X . □ 

There are specific combinatorial interpretations on k and n at some special 
integers, similar to that of Corollarv l3.4l The special values of the Tutte polynomial 
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Tg in the following corollary are observed directly by Gioan |16j by cycle-cocycle 
reversing systems. 

Corollary 4.8. Let [0{G)], [OacIG)], [0-,c{G)], [©^(G)], and [Oeu(G)] denote 
the sets of cut-Eulerian equivalence classes of 0{G), Oac(G), Otc(G), OcuiG), 
and Oei]{G) respectively. Then 

Tg(0,0) = S(G;-1,-1) = k(G;1,1) = 0, 

Tg(1,1) = S(G;0,0) = #[O(G)], 

Tg(2,2) = S(G;1,1) = #0(G), 

At(G;2,2) = #[Oce(G)]; 

|rG(0,-l)| = |S(G;-1,-2)| = «;(G;l,2) = #[au(G)], 
|rG(-l,0)| = |S(G;-2,-l)| = «;(G;2,l) = #[Ocu(G)]; 

rG(l,0) = S(G;0,-1) = |At(G; 0,1)1 -#[Oac(G)], 

Tg(0,1) = S(G; -1,0) = |At(G; 1,0)1 -#[Otc(G)]. 

-Lei [(!?(G)]cu [0(G)]eu denote the sets of equivalences classes of 0{G) under 
the cut equivalence and Eulerian equivalence relations respectively. Then 

Tg(1,2) = S(G;0,l) = #[O(G)]c 
Tg(2,1) = S(G;1,0) = #[O(G)]e 



JCUj 

] EU • 



Proof. It is completely parallel to the proof of Corollarv l3.4l bv modifying the 
concerned orientations to proper equivalence classes of those orientations, except 
the following two equalities: 

#[0(G)]cu = ^t/']-^" 

peRop[0(G)] 

#[o(g)]e„ = 

PGRgp[0(G)] 

where Rep[C'(G)] is a set of distinct representatives of cut-Eulerian equivalence 
classes in [©(G)]. The two equalities follow respectively from the set equations: 

[0(G)]cu= U {Mc„:ae[p]E„}, 

p£Rcp[0{G)] 
peRop[C'(G)] 

□ 

Theorem 4.9. Integral-Modular Relations: For each orientation p e 0{G), let [p\ 
denote the cut-Eulerian equivalence class of p in 0{G). Then 

K^{G-x,y)= *[P\^p{G;x,y), (4.24) 

b]e[o(G)] 

-K^{G-x,y)= Y #M^p(G;.T,2/). (4.25) 

[P] 6 [0(G)] 

Furthermore, is constant for all p G 0{G), then 

K^{G; X, y) = k(G; a;, y), k^{G; x, y) = R(G; x, y). 
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Let y = 1 in Theorem 14.91 We obtain a relation between the integral tension 
polynomial t^{G, x) and the modular tension polynomial t{G, x). 

Corollary 4.10. For each orientation p G Of^c{G), let [p] denote the set of cut- 
equivalence class of p in C'ac(G). Then 

[p]6[Oac(G)] 

Furthermore, if is constant for all p G Oac{G), then Tr^{G, x) = =^[p] t{G, x). 

Let a; = 1 in Theorem 14.91 We obtain a relation between the integral flow 
polynomial tp^{G,y) and the modular flow polynomial ip(G,y), which answers the 
question asked by Beck and Zaslavsky 3 . 

Corollary 4.11. For each orientation p G Otc(G), let [p] denote the set of Eulerian- 
equivalence class of p in C'tc(G). Then 

f^{G,y)^ ^ #[p]LPp{G,y). 

[p]e[OTr(G)] 

Furthermore, if H^[p] is constant for all p G O-^cXG), then ip^{G,y) = ip{G,y). 
5. Connection to the Tutte polynomial 

Recall that the rank generating polynomial (see [5], p. 337) of a graph G is 
defined as 

i?G(x,y):= (5.1) 

XCE 

The Tutte polynomial of G (see [5,, p. 339) is defined by shifting each variable one 
unit as 

TGix,y):^ RG{x~l,y~l), (5.2) 
and satisfies the recurrence relation: 

T0„(a;,2/) = 1, 

{xTG/e{x,y) if e is a bridge, 

yTG-e{x,y) if e is a loop, 

Tg-c ix,y)+ Tg/c (x, y) otherwise, 
where 0„ are the graphs with n vertices and no edges, G — e is the graph obtained 
from G by deleting the edge e, and G / e the graph obtained from G by contracting 
the edge e. 

The following proposition is straightforward. The formula (15.31) is partly due 
to Reiner for p, q to be prime powers (see j25| . Theorem 1); however, his statement 
is more general on a matroid of an integral matrix. The formula (j5.4p is fully due 
to Reiner (see [25], Corollary 2). 

Proposition 5.1. Let A, B be finite abelian groups of orders \ A\ — p, \B\ — q, and 
n := Q{G,e; A, B). Then RG{x,y) has the following combinatorial interpretations: 

RG{p,q)^ ^ 2l'^-^'-^-PP^'l, (5.3) 

(/,5)GS-2 
Bupp gCkcr / 

RG{-p,-q) = {-lP''^ E (-1)I^"PP^I- (5.4) 

(/,s)efi 

supp g = k:cr / 
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Proof. For subsets X,Y (- E, let ilx.y = ^x,Y{G,e; A, B) denote the set of 
pairs e n such that f\x = 0, g|y = 0. Then \nx,x-=\ = pr{E)-r{x) ^nix) ^ 

Thus 

RG{p,q) = ^ \nx.x^{G,e;A,B)\ 

XCE 

= E E 1 

aupp gCA^Ckcr / 

= E ""e 1 

(/,g)en supp gCXCkcr / 
aupp gCkcr / 

(/,3)es"! 

aupp gCkcr / 

Replace x by —p and y by — g in (|5.ip and note that |X| = r(X) for XCE. 

We obtain 

= (_1)KG) ^ (_i)|X|p.(B)-r(X>^„(X) 



= (-ir^^^ E (-1)'^' E 1 

Bupp gCXCkcr / 

= E E (-1)"" 



(/,g)ef! suppgCXCkor/ 
aupp gCkcr / 

Using the Binomial Theorem, it is easy to see that 

(-1)1^1= (-1)1 '^-/l53upp,,kor/, 

supp gC^Ckcr / 

where Sx.y — 1 ii X — Y and Sx,y = otherwise. Therefore we have 

C/,9)G£"i 
supp gCkcr / 



(/,g)ef! 

supp g = kcr / 



□ 



Theorem 5.2. The rank generating polynomial Rq has the following combinatorial 
interpretation: 

RG{x,y)^ Y ^p{G;x,y), (5.5) 
[p]e[0(G)] 

i?G(-x,-2/) = (-l)'-(^) E (-l)"'^''^^''*p(G;a;,y). (5.6) 

[p]e[o(G)] 

Proof. Note that a real-valued tension-flow {f,g) of (G,£) is complementary 
if and only if supp 5 = ker/. Thus 

K{G,e;Zp,Zq) = {(/,g) £ rJ(G', e; Zp, Z,) | supp 5 = ker/} 



DUAL COMPLEMENTARY POLYNOMIALS AND TUTTE POLYNOMIAL 



25 



and (|5.4p becomes 

i?G(-P,-'7) = (-ir(^' E (-i)i™pp«L 

(/.9)6-ff(G,£;Zp,Z,) 

Applying the disjoint deconiposition (|4.12p . we obtain 

b]6[C'(G)] (/,ff)e-R'p(G,£;Zp,Z,) 

where Kp{G, e; Zp, Zg) := Modp_q(Z^)-^ n (p, (7)Actf(G, e)). For each element (/, g) 
of Kp{G,e;Zp,Zq), let be an element of (Z^)^ n (p, g')ACTF(G, e) such that 

Modp,,(/,g)^= by LemmaSH Then Pp,e(/,5) G A+,(G,p). Since PpAf + 

g) — [p,£]if + g) > 0, it is clear that supp[/9, e]^ — E(Cp). Since supp[/9, e]^ = 
supp^ — suppg, then suppt; = E(Cp). Thus 

i?G(-P,-g)-(-ir^^) E (-l)l''^''''%^p(G,£;Zp,Z,). 
[p]e[o(G)] 

Apply (|4.10p : we obtain (|5.6p immediately. The formula (15.51) follows from the 
Reciprocity Law p.9p on Kp and Sp. □ 

Proof of Theorem 11.31 and Corollary 11.41 

Theorem 11.31 follows from (|5.5p and (|1.20p . Corollary 11.41 follows from the 
definition (|5.2p of Tq and the fact that a nonnegative, integer- valued, (p, q)-tension- 
flow (/, g) is an integer-valued tension-flow such that < /(e) < p — 1, < g{e) < 
q-lfoi ee E. □ 

Example 5.3. Let G be the graph in the following Figure[TJ Its Tutte polynomial 
is given by deletion-contraction as 

T{x, y) = y^ + x'^ + 2xy + 2y'^ + x + y. 

Let (xi) and (yt) (1 < i < 5) be tensions and flows of G with the given orientation 
in Figure [TJ The complementary tension- flows {xi,yi) satisfy the following system 
of linear equations and inequalities: 

xi - X2 ~ X3 ^ 0, 2/2 - 2/3 + 2/4 - 2/5 = 0, Xiyi = 0, 
X2~X4^ 0, 2/1 + 2/2 + 2/4 = 0, Xi + yi ^ 0, 

2^3 - 2^5 = 0, 2/1+2/3 + 2/5=0, 1 < j < 5. 



1 




4 5 



Figure 1 . The edge-labeled graph G. 

When {xi) is over an abelian group A and (yt) over another abelian group B, 
the conditions xtyi = and Xi + yi ^ are understood as supp (xi) = ker(2/i). Let 
\A\ = p and \B\ — q; or set \xi\ < p and \yi\ < q over Z. By counting the number 
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of solutions of the above system, we obtain the complementary polynomial k and 
integral complementary polynomial of G as follows: 

<P, q) = (p- - 2) + 2{p -l){q-l) + {q- l){q - 2f- 



K^p, q) =3{p - l)(p - 2) + 8{p -l){q-l) 

+ 2(,-l)(,-3)(2,-3) + li^M^. 

There are 8 (= T(l,l)) cut-Eulerian equivalence classes of orientations, 2 (= 
T(1,0)) cut equivalence classes of cyclic orientations, and 4 (= T(0, 1)) Eulerian 
equivalence classes of totally cyclic orientations. There arc 24 (= T(l,2)) cut 
equivalence classes of orientations (2, 4, and 18 in Figures 2, 3, and 4 respectively). 
There are 14 (= T(2, 1)) Eulerian equivalence classes of orientations (6, 4, and 
4 in Figures 2, 3, and 4 respectively). There arc 32 (= T(2,2)) total number of 
orientations. However, there are essentially only 4 different local complementary 
polynomials: 

K2{p,q) = (p- i)(g- 1), 



2 , a'C^-l) {q-l)q{2q-l) 



2 

«4(p,g) = -{q - 1)^ + 



2 , (g - l)q{2q - 1) 



6 

The dual complementary (also rank generating) polynomial R and the dual integral 
complementary polynomial subsequently obtained as 

q) = 2[ki(-P, -q) + K2(-p, -q) - K^i-p, -q) ~ n^i-p, -q)] 

= ip+ l){p + 2) + 2(p + l){q + 1) + 4(g + If + q\q + 1) 

= 9^ + / + 2pg + + 5p + lOg + 8 
= T(p+l,g + l); 

i^^iv-, q) =6k;i(-p, -g) + B>K2{-p, -q) - 8K3{-p, -q) - lOKi{-p, -q) 
=3(p+l)(p + 2)+8(p+l)(g+l) 

+ 18(g+l)^ + 4,^(g + l) + ^ii±lK?i±^. 
Other special values of the polynomials and 

«(2,i) = r(-i,o) = #[Ocu] = o, 

K(l,2)=T(0,-l) = #[au]=0, 

«:(2,2)-#[Oce] =0. 

It means that G is noi a cut (equivalently not bipartite) , not an Eulerian graph, and 
not a disjoint imion of a cut and an Eulerian subgraph. The eight cut-equivalence 
classes of orientations are exhibited as follows: 



DUAL COMPLEMENTARY POLYNOMIALS AND TUTTE POLYNOMIAL 
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Figure 2. Two {— T(1,0)) cut equivalence classes of acyclic ori- 
entations have the same local complementary polynomial ki. 




Figure 3. Two (= T(l, 1) -T(l, 0) -r(0, 1)) cut-Eulerian equiv- 
alence classes of cyclic but not totally cyclic orientations have the 
same local complementary polynomial K2. 




Figure 4. Four (= T(0, 1)) Eulcrian equivalence classes of totally 
cyclic orientations; the first two and the last two classes have the 
same local complementary polynomial K3 and K4, respectively. 
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